Abstract. In a previous paper, the authors introduced the notion of mixed Frobenius structure (MFS) as a generalization of the structure of a Frobenius manifold. Roughly speaking, the MFS is defined by replacing a metric of the Frobenius manifold with a filtration on the tangent bundle equipped with metrics on its graded quotients. The purpose of the current paper is to construct a MFS on the cohomology of a smooth projective variety whose multiplication is the non-equivariant limit of the quantum product twisted by a concave vector bundle. We show that such a MFS is naturally obtained as the non-equivariant limit of the Frobenius structure in the equivariant setting.
Introduction
We continue our study on mixed Frobenius structure and local quantum cohomology initiated in [8] .
1.1. A mixed Frobenius algebra. Let us recall a notion of Frobenius filtration on a finite-dimensional associative commutative algebra A introduced in [8] . It consists of an exhaustive increasing filtration by ideals and A-invariant nondegenerate symmetric bilinear forms (called metrics) on graded quotients (Definition 2.2). We call an algebra with a fixed Frobenius filtration a mixed Frobenius algebra. If the filtration is trivial, this is nothing but the classical notion of Frobenius algebra.
We show that any algebra over an algebraically closed field admits a Frobenius filtration (Theorem 2.4). This is in contrast to the fact that not all algebras admit invariant metrics.
Let K be a field. One of main results of this paper is to show that a mixed Frobenius K-algebra appears in the limit λ → 0 of a "Frobenius algebra over K Saito structure with a metric is equivalent to a Frobenius manifold structure. Replacing a metric with a nondegenerate filtration, we define a mixed Frobenius structure (MFS) on a manifold M as a Saito structure without a metric together with a nondegenerate filtration on the tangent bundle T M subjecting to certain conditions (Definition 4.5). Notice that we slightly modify the definition of the mixed Frobenius structure from [8] (cf. Remark
4.7).
For the application to the local quantum cohomology, it is necessary to consider a formal (and logarithmic) version of MFS. We define a formal MFS as a structure on a ring of formal power series in §5. As in the case of mixed Frobenius algebra, we show that a formal MFS is obtained as the limit λ → 0 of a formal Frobenius structure over K [λ] (Proposition 5.5).
1.3. Local quantum cohomology. Let X be a smooth complex projective variety. Fix a concave holomorphic vector bundle V on X (e.g., V is the dual of an ample line bundle). Introducing the fiberwise S 1 -action on V by scalar multiplication, we consider the S 1 -equivariant Gromov-Witten invariants of X and the intersection pairing twisted by the inverse of the S 1 -equivariant Euler class of V. Using them, one can define the twisted quantum cup product
is identified with the S 1 -equivariant cohomology of a point. As shown in [3] , the resulting algebra
together with the twisted intersection pairing is a formal Frobenius structure over C [λ] . Then, as an application of the results in §5, we obtain a formal MFS on QH * (X, V) as the non-equivariant limit of QH 
Recall that if A admits an invariant metric g, the pair (A, g) is called a Frobenius algebra.
Generalizing this, we give the following 
Existence of Frobenius filtrations.
In this subsection, the field K is assumed to be algebraically closed.
Theorem 2.4. Any finite-dimensional K-algebra A has a Frobenius filtration.
Let N = √ 0 be the nilradical of A. Note that the finite-dimensionality of A implies that N is a nilpotent ideal and that N coincides with the Jacobson radical of A. It follows from the latter that A/N is a semi-simple algebra. Consider the decreasing sequence of
Proof. Consider the exact sequence of A-modules
hence it is also a completely reducible A/N i+1 -module.
Lemma 2.6. Let B be a finite-dimensional K-algebra. Then for any simple B-module S = 0, we have dim K S = 1. 3. Mixed Frobenius algebra from a localized K[λ]-metric 3.1. Construction of Mixed Frobenius algebra. Let K be a field and let H K be a and a set of integers κ 1 ≥ . . . ≥ κ s satisfying
The integers κ i 's are uniquely determined by g λ (but not the bases).
Proof. Let G be the matrix representation of g λ with respect to a K[λ]-module basis of 
Concretely, I
λ k is written as follows with the basis x 1 , . . . , x s of Lemma 3.2.
The same formula holds for the other basis {y i }.
Proof. Let us write x, y ∈ I λ k as
By eq.(3.1), we obtain
The statement follows easily from this. Let (3.5)
By Lemma 3.3, the following bilinear form g k on I k /I k−1 is well-defined:
where x →x denotes the projection H K → H/I k−1 and x, y are any lifts of x, y to I
Proof. Nondegeneracy of g k follows from eq.(3.4).
Now assume that H λ K is equipped with an associative commutative K[λ]-algebra structure * with unit. Let g λ be a localized K[λ]-metric which is * -invariant, i.e., g λ satisfies
On H K , we have the induced multiplication and the nondegenerate filtration (I • , g • ) defined in eqs.(3.5), (3.6).
Proof. The * -invariance (3.7) of g λ implies that I λ k is an ideal. Therefore I k is an ideal with respect to the induced multiplication • on H K . The •-invariance of g k follows from the * -invariance of g λ .
3.2. Nilpotent construction. Let (A, g) be a Frobenius K-algebra having nilpotent elements n 1 , . . . , n r and let
As an example of Theorem 3.5, we consider the case
Let us calculate the nondegenerate filtration (I • , g • ) defined by eqs.(3.5), (3.6). The
2) are given as follows.
Lemma 3.6. We have
Here the direct sum in the last line is the direct sum of A-modules and
Proof. Since n is monic of degree r, any x ∈ A[λ] is written uniquely as
First, we consider the case k = 0. It is easy to see that
From this equation, for x ∈ I λ 0 , it is necessary to have g(a 1 , y) = 0 for any y ∈ A, hence a 1 = 0. Then we have
, hence a 2 = 0. Repeating this process, we obtain x ′′ = 0.
Next, we consider the case k < 0. If
follows that the coefficients of x ′ up to degree −k − 1 must be zero. Hence x ′ is divisible by λ −k .
For the case k > 0, it is easy to see that x ∈ I λ k if and only if λ k x ′′ is divisible by n.
Let N : A ⊕r → A ⊕r be the homomorphism given by
The projections A ⊕r → A to the first and the rth factors are denoted p 1 , p r .
Lemma 3.7. We have
,
Proof. By Lemma 3.6, it is enough to show that π(J
x to the remainder of λx divided by n. By induction on k, we can show that (3.10)
Thus we obtain
Lemma 3.8. We have
where y ∈ Ker N k is any lift of y satisfying p r ( y) = y.
Proof. The case k = 0 is clear. To show the case k > 0, let x, y ∈ J λ k be lifts of x, y. By eq.(3.10), we have
As a corollary of Theorem 3.5, we obtain 
. This is the nilpotent construction in [8, §3] up to shifts of the filtration.
Mixed Frobenius structure
In this section, the base field is K = C, a manifold means a complex manifold and vector bundles are assumed to be holomorphic. For a manifold M, T M denotes the tangent bundle, T M its sheaf of local sections and we write x ∈ T M to mean that x is a local section of T M .
Although definitions here are for complex manifolds, they can be easily translated to 
and the unit vector field e is flat, ∇e = 0.
(ii) The vector field E satisfies ∇(∇E) = 0 and
In this article, we call a Saito structure without a metric a Saito structure for short. Proof. Let {t α } α be a local coordinate system on M whose corresponding local frame fields are ∇-flat. Let us write (ii) The subbundles I k (k ∈ Z) are preserved by ∇ and the metrics are compatible with
Here x → x denotes the projection I k → I k /I k−1 .
(iii) The subbundles I k (k ∈ Z) are preserved by [E, −] and there exists a collection of
A MFS with the trivial filtration I • (i.e. 0 ⊂ T M ) is the same as a Saito structure with a metric [11] and also the same as a Frobenius manifold structure [2] .
is involutive.
Proof. The lemma follows from the condition that I k is preserved by the torsion free affine connection ∇.
As a consequence, there exists a system of flat local coordinate system {t kα } k∈Z,1≤α≤dim I k /I k−1 such that {t kα } k≤l,1≤α≤dim I k /I k−1 is a local coordinate system of leaves of I l . 
An algebra with a Frobenius filtration has a MFS. Let (A, I
• , g • ) be a mixed Frobenius algebra. We assume that A = ⊕ d∈Z A d is a graded algebra satisfying
Here |x| denotes the degree of x ∈ A. Notice that any mixed Frobenius algebra satisfies this assumption with A = A 0 and D 0 = 0. (1 − |e ka |)t ka ∂ ka , and the nondegenerate filtration (I • , g • ) form a MFS on A of charges {D k }.
Formal Mixed Frobenius structure
In this section we will define a formal (and logarithmic) version of the MFS which is suitable for application to (local) quantum cohomology, using [9, §9] , [4] as reference.
In this section, the base field K may be any subfield of C.
5.1.
Notations. Let n ∈ Z >0 , m ∈ Z ≥0 . We set 
Formal mixed Frobenius structure.
We keep the notations in §5.1.
Definition 5.1. A formal Saito structure on the ring R consists of
• an R-bilinear multiplication • on H R and
satisfying the following conditions.
(i) The multiplication • is compatible with ∇ in the sense that
and the unit element e satisfies the flatness e ∈ H K .
(ii) The element E satisfies ∇ x ∇ y E = 0 1 for x, y ∈ H K and (i) I R,k = R ⊗ K I k is an ideal and g k extended R-linearly to I R,k is •-invariant, i.e.
If (•, E) is a formal
, and E i (1 ≤ i ≤ m) are linear polynomials in t and independent of q.
(ii) I R,k is preserved by [E, −], i.e. [E, x] ∈ I R,k (x ∈ I R,k ) and there exists a collection of
Here x →x denotes the projection I R,k → I R,k /I R,k−1 .
Remark 5.3 (on the convergent case). Let (•, E) (resp. (•, E, I • , g • )) be a formal Saito structure (reps. a formal MFS) on R and let C γ αβ ∈ R (1 ≤ α, β, γ ≤ n + m) denote the structure constants of • with respect to the basis (x 1 , . . . , x n+m ) = (∂ t 1 , . . . , ∂ tn , q 1 ∂ q 1 , . . . , q m ∂ qm ).
If there exists an open neighborhood
is a Saito structure (resp. a MFS) on
with local flat coordinates t 1 , . . . , t n , log q 1 , . . . , log q m . In the case when the filtration I • is trivial, then (U, •, E, e, g • ) is a Frobenius manifold with logarithmic poles along the divisor {q 1 · · · q m = 0} (see [10] for the definition).
Localized formal Frobenius structure over K[λ].
We still keep the notations in §5.1 and use superscripts λ for those tensored with
tensions of those introduced in §5.1. 
(i) The multiplication * is compatible with ∇ in the sense that
and the unit e satisfies e ∈ H
where
Proposition 5.5. Let ( * , E, g λ ) be a localized formal Frobenius structure over 
where x, y ∈ I λ R,k are lifts of x, y.
Local Quantum cohomology
In this section, K denotes either R or C.
6.1. Notations. Let X be a smooth complex projective variety. Let V → X be a concave 2 vector bundle of rank r. Let S 1 = U(1) act on V by the scalar multiplication on the fiber.
The generator of the S 1 -equivariant cohomology of a point is denoted λ.
We fix a basis {φ 1 , . . . , φ p } of H 2 (X, Z) satisfying the condition that C φ i ≥ 0 for any curve C ⊂ X. 3 We also fix a homogeneous basis {φ 0 = 1, φ 1 , . . . , φ p , φ p+1 , . . . , φ s } of H K .
Let t 0 , . . . , t s be the coordinates of H K associated to the basis. We set
where t = (t 0 , t p+1 , . . . , t s ) and q = (q 1 , . . . , q p ) with q i = e t i . We identify H K with the linear space of derivations on R defined in eq.(5.1) by
The same notations H R , H λ K , R λ , and H λ R as in §5.3 will be used.
2 A vector bundle V is concave if H 0 (C, f * V) = 0 for any genus zero stable map (f, C) to X. 3 The existence of such a basis follows from the fact that the Mori cone N E R (X) of a smooth projective variety X does not contain a straight line (see e.g. [6, Corollary 1.19 
]). If σ denotes the image of
We put the grading on the vector space H K by setting |φ| = k if φ ∈ H 2k (X, K). We also put the grading on the rings R and R λ by |t α | = 1 − |φ α | (α = 0, p + 1, · · · , s), |λ| = 1 and |q i | = ξ i , where ξ i are defined by
Then we have the induced grading on H R and H λ R . Let
Then, for a homogeneous f ∈ R λ and x ∈ H λ R , we have
6.2. Localized formal Frobenius structure over K[λ] on R. The following material can be found in Givental [3] . Let g λ be a localized
where e S 1 (V) is the S 1 -equivariant Euler class of V:
Lemma 6.1. g λ and E (in eq.(6.3)) satisfy eq.(5.9) with D = dim C X + r.
Proof. By the degree consideration, g λ satisfies
This together with eq.(6.4) implies the lemma.
We define the multiplication on H λ R as follows. For x 1 , . . . , x m ∈ H K and d ∈ H 2 (X, Z), let (6.7)
where M 0,m (X, d) is the moduli stack of genus zero stable maps to X of degree d with m marked points, ev i : M 0,m (X, d) → X is the evaluation map at the ith marked point, and
) is the forgetful map. We define the multiplication * V on Proof. The lemma follows from the degree axiom of Gromov-Witten theory.
Proof. By the definition of * V , it is clear that g λ is * V -invariant and satisfies eq.(5.7).
6.3. Formal mixed Frobenius structure on local quantum cohomology. Proof. Applying Proposition 5.5 to the formal Frobenius structure in Proposition 6.3, we obtain the result.
Remark 6.5 (on convergence of the formal MFS). If V → X is a negative line bundle, it can be shown that the structure constants of • V are convergent if those of the quantum product of X are convergent e.g. if X is a smooth projective toric variety [5] . The proof is completely the same as Iritani's [5] except that it is necessary to modify the proof of his and {φ α } is a basis of H K dual to {φ α } with respect to the intersection form of X.
By the result of §3.2, the nondegenerate filtration (I • , g • ) on H K is given as follows. where y ∈ Ker N k is any lift of y.
Remark 6.6 (on the nilradical of • V ). If (X, V) satisfies the condition that C (c 1 (X) + c 1 (V)) ≤ 0 holds for any curve C ⊂ X, then φ α • V φ β ∈ R ⊗ K H ≥|φα|+|φ β | (X, K) holds by the degree axiom. Therefore for such (X, V), the nilradical of (H K , • V ) is R⊗ K H ≥2 (X, K).
6.4.
Remarks on local mirror symmetry. Let X be a Fano toric surface and V = K X be the canonical bundle. Take φ p+1 = φ 0 . Then
where 
